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Abstract 

The origin of non-renormalization theorems in field theories with global supersymme- 
try can be traced to the fact that supersymmetric actions can be viewed as the highest 
components of respective supermultiplets. Supersymmetric interactions in particular can 
therefore be represented as supersymmetry variations of lower dimensional field polyno- 
mials. We investigate here this algebraic structure in the context of the Wess-Zumino 
model and N=l and N=2 supersymmetric Yang-Mills theories. 
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1 Introduction 



It is known that globally supersymmetric versions of renormalizable quantum field theories 
display important finiteness properties due to the cancellations of ultraviolet divergencies Q. 
These cancellations were first analyzed by Iliopuolos and Zumino @ in the framework of super- 
symmetric Wess-Zumino models. Since then, with the development of supergraph techniques 
in superspace in which all particles in each supermultiplet are considered together as super- 
fields [0, [|, U , it became possible to display all simplifications due to supersymmetry. 

On the other hand, one is forced to deal with the component field formalism in particular 
when calculations on non-trivial backgrounds are considered. However, to deal with super- 
symmetric theories in component picture several problems have to be overcome. First of all, 
in general the supersymmetry algebra realized without auxiliary fields will close only on-shell, 
that is modulo terms involving equation of motion of spinor fields. Second, the supersymmetric 
gauge theories in component gauges (i.e. Wess-Zumino gauge) display, besides this equation 
of motion terms, the additional characteristic complication that the algebra is modified by 
field dependent gauge transformations 0. The third problem is that the supergraph tech- 
niques give in many cases a manifest realization of non-renormalization theorems (i.e. the 
non-renormalization theorems of the chiral vertex in Wess-Zumino model), however these non- 
renormalization theorems are by no means obvious in the component field formalism. 



The first problem is cured |7| |[ [|, [H| by some sort of Batalin-Vilkovisky formalism [1 I 



that is often called Algebraic Renormalization |T|, [13| , whereas the second one is solved by 
extending BRS transformations to include supersymmetry transformations || [H| . (For the 
problem of how to extend the BRS formalism to include arbitrary global symmetries, see ||14j| .) 
Finally, to get a handle on the non-renormalization theorems in the component picture one 
has to note that the algebraic source of these theorems is to be found in the cohomology of 
supersymmetric theories: supersymmetric interaction terms being the highest component of 
some supermultiplet can be represented as a multiple supervariation of a lower dimensional 
field polynomial (TH . 



In this note we study aforementioned algebraic structure in the context of Wess-Zumino model 
and N=l,2 supersymmetric Yang-Mills theories. The organization of the paper is as follows: 
in section 2 we discuss in which way the cohomological aspects are realized in Wess-Zumino 
model without auxiliary fields. In section 3 we generalize the results of and section 2 to 
N=l and N=2 pure Yang-Mills theories. In particular we show that the N=2 supersymmetric 
Yang-Mills Lagrangean can be represented as a fourfold supersymmetry variation of a gauge 
invariant field monomial canonical dimension two. It follows from this, according to an argu- 
ment due to Bellisai et.al [22], that the N=2 gauge coupling remains without renormalization 
beyond one loop order. 
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2 The Wess Zumino Model 



We start to analyze the cohomological aspects of the non-renormalization theorems in Wess- 
Zumino (WZ) model with auxiliary fields first |15| . The Wess-Zumino model consists of the 



chiral multiplet $ = (<f), ip, F) and its complex conjugate, the anti-chiral multiplet $ 
O f , The action [] 



d^xi-d^d^cj) - iifjftf) + F f F + [m(0F - -V>V>) + #00^ - ipip<f>) + ^-c]} (1) 
is invariant under N=l off-shell supersymmetry transformations: 

6 a <j) = y/2if> a 8 & <j> = (2) 

5 a tf = 5 & <fl = V% (3) 

5 a ^ = V25 a p F 5^ = -zV^afd"^ (4) 

6 a $ $ = -iV2a^d^ 8% = V25%F^ (5) 

5 a F = 5"F = iV2afd^p (6) 

6 a F* = iyfetfJbJP 5«F^ = (7) 

{5, 5}^ = = {5, 5}p, {5 a} 5 & }<p = -2ia^<p (8) 

where <p = <f),ip, F, <j>\ ip, F'. The kinetic term, mass term and the interaction term in equation 
(1), being separately supersymmetric invariant, can be represented as supersymmetry variation 
of a lower dimensional field polynomial We concentrate on the interaction part of the 
Lagrangean (1). 

- ^0) = -— <W(0#) (0 t t i rt - V¥</> f ) = -j-%W) ( 9 ) 

That is, the interaction terms are the highest components of a chiral and anti-chiral multiplet 
respectively of which the lowest components are <p 3 and <fi^ respectively. The relations (9) 
were identified in ref. ||15|| as the algebraic source of the non-renormalization theorems in the 
Wess-Zumino model (with auxiliary fields). 



throughout the paper we use Wess-Bagger conventions where the metric is given by r\^ LV = (— 1, 1, 1, 1) 17 
2 For a similar approach of constructing N=l globally and locally supersymmetic actions by BRS cohomo 
logical means and also for the discussion of anomalies, see (Ifl 



The Wess-Zumino model is renormalizable. It is characterized by the supersymmetry Ward 
identities 

W a S = f d 4 xd aV ^-S = VV d S = ! d 4 x8 & <p-H-S = (10) 
J J dp 

that define the Green functions to all orders of perturbation theory where T($, $) = S + Ti + 
... denotes the generating functional of one particle irreducible (1PI) Green functions. Free 
parameters are fixed by following normalization conditions^: 
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T F itf) =m (11) 

■p^=0 



A 

Pi=o 2 ' 



Tf^(pi,p2,p3) 

The classical action of Wess-Zumino model is also invariant under a modified R'-symmetry 



lq| , besides the ordinary (conformal) one, which fixes the number of chiral and anti-chiral 
vertices for a given loop order and a given configuration of external fields. One finds in this 
way for example that the L-loop contribution to the chiral vertex functional contains L 
anti-chiral insertions: 

rfiU ~ ([ / d*xQi L) .T),,, ~ ([ / rf 4 x(0t0t F t _ ^t)]W r) (12 ) 



Here the subscript 4 refers to the Zimmerman subtraction prescription for operators of canon- 
ical dimension 4. Now with the help of eq.(9) and (12) we obtain 



rj& -([J d*x55(^)][...r-vr)^ ~ [ y dW^m-r^r)^) (13) 

where 5((jnjnp) ~ (pd^ijj . For the second proportionality in (13) we use the supersymmetric 
Ward identity. It was shown in |T3J that these formal manipulations are compatible with al- 
gebraic renormalization. One derives from (13) two consequences: 1.) is a superficially 
convergent vertex function since on the r.h.s. of (13) appears an insertion of canonical dimen- 
sion | and the derivative on the external scalar field does not contribute to the superficial 
degree of divergence. 2.) The vertex function vanishes at zero momentum. 

It may be instructive to discuss the non-renormalization theorem in a formalism where the 
auxiliary fields F and are eliminated by their equation of motion. 

F = -m<$ - g4> ] (f) ] F ] = -m<f) - g<p<fr (14) 

Inserting these expressions into the action (1) one arrives at 

/I 1 - - 
d A x[— <9 M 0^<9 M 0— iip^tp rniptp tpvp— gt/jiptfi— gipijjcjy — (mcj)^ +g$ <$){m<fi+ gc^cf))] (15) 
2 2 



3 Here T (pi _ v , m (xi...x n ) :— stpT~Sip~^\aU —o denotes the n-point 1PI Green functions. 



One may try again to represent interactions as supersymmetry variations of lower dimensional 
terms. For this purpose we have to eliminate the auxiliary fields above the equations (2-8). 
Then the modifications read as 



5 a ^ = V25P(-mtf - #V f ) = v^f (-m0 - (16) 

It appears that the interaction part of the action (15) can no longer be decomposed into 
invariant chiral and anti-chiral parts. And a fortiori the cohomological identities (9) have no 
direct analogue. That is the terms 55<p 3 and 55<p^ 3 are no longer supersymmetric invariant since 
5 applied to 55(p 3 ( or 5 applied to 55(ft 3 ) produces besides a derivative term an additional 
disturbing equation of motion term, as the supersymmetry algebra now closes only on-shell. 
But we have instead the identities 

- ^55<P 3 = ^Z mt - ±-W s = ±-_Z mt . (17) 
12 ag 12 ag 

This allows to write 

^ w ~ [ J dm^]T Hi> ~-[J d*5<jJ 3 ]T m ^ (18) 

and an analogous chain of equations for the anti-chiral vertex functions. We conclude as before 
that the derivatives of the vertex functions are superficially convergent. The ensuing integra- 
tions will not affect this conclusion. 

Recent explicit calculations of N. vonRummel [ 1SJ in the component picture confirm the non- 



renormalization theorems. But this author claims that the chiral vertex functions do not vanish 
at zero momentum^. This would mean that the treatment in the component picture induces a 
finite shift in the renormalized parameters of the model in comparison to the off-shell approach. 
It seems worthwhile to clarify this issue. 



3 Super Yang-Mills Theories 
3.1 N=l Pure Yang-Mills Theory 

The action of the pure super Yang-Mills theory contains the N=l vector multiplet (A^, A, A, T>) 
and readsf], 

S YM = Tr J d A x(- l -F, u F^ - 2i\If)\ + V 2 ) (19) 
4 We thank N. Von Rummel for explaining his results. 

5 We take, for simplicity, SU(2) gauge group and use the following SU(2) matrix notation throughout this 
work: 

$ = $ Q r a , [r a , T b ] = if abc T c , Tr{T a T b ) = ^S ab 

= - i[A^ $] 
Ff_ lv — d^A u — d y A^ — i\A^, A v \ 
where f abc is the totally antisymmetric matrix. 
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The SUSY transformations for N=l vector multiplet is given by, 

QA^ = iOa^X + m^X (20) 

Q\ = o^QF^ + iQV (21) 

QX = o^QF^ - iQV (22) 

QV = -6 flX + 6pX (23) 

where 

Q = Q + Q = a 5 a + 0j A (24) 
and 8, 9 are supersymmetry parameters. The algebra reads 

{5,5}<p = = {5,5}(p {5,5}<p = -HoPDtf. (25) 

By analyzing supersymmetry transformations of the fields one can see that the action can be 
found from the gauge invariant, dimension 3 chiral and anti-chiral field polynomials A a Ao, and 
XaX a : 

Sym = \Tr J d 4 x{(55)(XX) + (SS)(XX)}. (26) 

The auxiliary fields T> are crucial for the latter irrespective of the fact that they vanish on-shell. 
One finds then instead ^Tr((8S)(XX) + (66) (XX)) is equal to 

1 3? - 37 - - 

Tr[-~F»„F^-jXI?X-jXI?X}- (27) 

It seems advisable to stick to the off-shell formulation. It is in our opinion still a challenge 
to derive (or redrive) the Shiffman-Vainshtein formula [TjJ for the f3 function of the gauge 
coupling. 

3.2 N=2 Pure Yang-Mills 

It is well known that twisting of the ordinary N=2 super Yang-Mills (SYM) theory, in the 
Wess-Zumino gauge, yields topological field theories of the cohomological type |H| which have 
zero degrees of freedom and whose correlators are independent of the metric of the manifold 
where the theory is defined. On the other hand it is found out that ordinary supersymmetric 



gauge theories have also a class of position independent correlation functions pi |. Indeed 
twisting procedure is nothing else than a variable redefinition and one can realize that the 
correlation functions of the topological theory coincide with the subset of those of the physical 
theory. Recently this relation was used to study the non-renormalization of the N=2 SYM 



theory in the twisted formulation P2[ which is our motivation in this section. 



The action of the pure super Yang-Mills contains the N=2 |23[ vector multiplet 

where all the components of it transform under adjoint representation of the gauge group. The 
action with a topological term is given by, 

S = TrJ d 4 x[-^F^F^ - ^ x F^F kX - 2iXpX - 2ty$> + 2<f>D li D^ 

+2zV2(^[A, f ] - A$, 0]) - [0, 1 "] 2 + V 2 + £ 2 + F 2 ] (28) 
and N=2 off-shell SUSY transformations [23] read in Wess-Bagger [|17| conventions as follows: 



QAf, = iOia^X + i8 2 a fl ip + iOxa^X + iQio^ (29) 



QX = a^d l F^ u + 10! [4>, 0t] - iV2a"0 2 D^ + i0 2 D + 9 2 £ + %0 X T (30) 



Qrf, = a^0 2 F^ + i0 2 [0, f ] + iyfta^D^ + i0{D - X £ - %Q 2 T (31) 



\f2Q^) - \/20 2 A (32) 



= -e^Dfrf - 2 a^D M A + v^ifA, f ] - v^W, f ] 

+01^^ + Q^D^X - V20! [A, 0] + v 7 ^ 0] (33) 

Q£ = -iO^D^ + i0 2 a^D^X + zV2^i[A, f ] + iv^ty', f ] 

-iBxaPD^ + iO^D^X + %^20 x [A, 0] + zV20 2 |$, 0] (34) 



Q.F = —O-^a^DfjX + 2 ^D^ - v^ity;, f ] - ^2 [A, f ] 

+0>"I> / , A - 2 *"£> M V + v^i 0] + [A, 0] (35) 



here T>,£,T are the auxiliary fields and Q denotes the generators of supersymmetry transfor- 
mations, 

Q = Q1 + Q2 + Q1 + Q2 

= 0?5 la + 0%5 2a + 1 a5t + 2 a5%. (36) 



They satisfy the following algebra, 



[Q h Qj) = -2t(9^9,)D^ 


(37) 


[Qi, Qj}A, t = -2^(6^)0^ 


(38) 


[Qi, QjlAp = -2v^ey(^ j )D, t 


(39) 


[Q i ,Q j ]E = -2tV2e ij (9 l 9 J )[E,^] 


(40) 


[Q i ,Q j ]Z = -2iV2e ij (9 i 9 j )[Z,cl>} 


(41) 



i,j = 1,2 £i 2 = -£ 2 1 = 1 

S = 0, f , A, A, V, J 7 , (5 + zZ>), (f - W) 

Equation (37) is gauge covariant extension of the usual supersymmetry algebra whereas the 
r.h.s of (38-41) may be interpreted as central extensions in the form of gauge transformations 
with the gauge parameters and (jy respectively. 

The renormalization of the N=2 model has been discussed by Maggiore |J using above men- 
tioned technique of an extended BRS formalism ||.The topological, twisted version of the 
model has been treated in a similar spirit most recently by Blasi et.al. |22j by relating the 
gauge invariant polynomial Tr((j) 2 ) to the twisted N=2 Yang-Mills action |Tj|. Their providing 
for non-renormalization of the coupling constant beyond one-loop can easily be transported in 
the ordinary (untwisted) case. The unique reason for the present non-renormalization theorem 
is to be found in the fact that the N=2 Yang-Mills action can be written as an integral of a 
forth super variation of dimension two filed monomial Q: 

S N=2 = ^Tr J C / 4 x(5 1 5 1 )(5 2 5 2 )Tr(0 2 ) (42) 

that is the highest component of a N=2 chiral multiplet |23| of which the highest component 
is Tr(0 2 ) . 

To find this representation it is crucial, as before in the N=l YM theory, that an auxiliary field 
formalism is available. The representation in (42) can be verified by noting that this expression 
has canonical dimension four and it is gauge invariant and supersymmetric. There is only one 
such expression which is N=2 SYM action. 



6 To get rid of the topological term one simply adds the hermitean conjugate of eq.(42) since it gives the 
same action that has the opposite sign for the topological term. 
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On the other hand by using on-shell transformations, i.e. by setting auxiliary fields T>, S, T to 
zero, a similar fourfold supersymmetry variation of Trip 2 yields f\ 

^Tr J d 4 x{8 1 a 5 la 8 2 % p - 5 l a 5 2 (3 5 la 5 2f5 + 5 l a 5 2 f3 5 2f3 5 la + (1 <— 2))0 2 

= Tr j d A x(~F^F^ - l -e^ KX F^F KX - iXpX - itftpift + (ftD^D^ - iy/2\$, <ft}). (43) 

Note that the difference between the action (28) and the expression (43) can be written in 
terms of equations of motion of A, ift and (ft as following Q : 

Tr J d A x{-Mft (pft - V2[\, tf]) - iX (pX + V2[iP, <ft ] ]) + <ft (D M £>V - iV2[X, - [<ft\ [(ft, f ]])}. 

Finally, it is worthwhile to mention that after twisting the expression (43) (by identifying the 
susy index with the undotted spinor index), one gets the Topological Yang-Mills action in 
the approach of Baulieu- Singer [^] for a particular choice of Faddeev-Popov ghosts since the 
coefficient of F^F^ term is arbitrary in this approach. 

The completely open problem that remains is the discussion of the non-renormalization theo- 
rems of N=2 super Yang-Mills theories with matter hypermultiplets and N=4 supersymmetric 
models due to the fact that there are no known auxiliary field formulation of these models. 
We hope to disentangle this fact in a future publication. 
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